The bottomonium spectrum is computed in dynamical 2+1 flavor lattice QCD, using NRQCD for the b quarks. The main calculations in this work are based on gauge field ensembles generated by the RBC and UKQCD collaborations with the Iwasaki action for the gluons and a domain-wall action for the sea quarks. Lattice spacing values of approximately 0.08 fm and 0.11 fm are used, and simultaneous chiral extrapolations to the physical pion mass are performed. As a test for gluon discretization errors, the calculations are repeated on two ensembles generated by the MILC collaboration with the Lüscher-Weisz gauge action. Gluon discretization errors are also studied in a lattice potential model using perturbation theory for four different gauge actions. The nonperturbative lattice QCD results for the radial and orbital bottomonium energy splittings obtained from the RBC/UKQCD ensembles are found to be in excellent agreement with experiment. To get accurate results for spin splittings, the spin-dependent order-v 6 terms are included in the NRQCD action, and suitable ratios are calculated such that most of the unknown radiative corrections cancel. The cancellation of radiative corrections is verified explicitly by repeating the calculations with different values of the couplings in the NRQCD action. Using the lattice ratios of the S-wave hyperfine and the 1P tensor splitting, and the experimental result for the 1P tensor splitting, the 1S hyperfine splitting is found to be 60.3 ± 5.5 stat ± 5.0 syst ± 2.1 exp MeV, and the 2S hyperfine splitting is predicted to be 23.5 ± 4.1 stat ± 2.1 syst ± 0.8 exp MeV.
I. INTRODUCTION
The low-lying radial and orbital energy splittings in bottomonium are well known from experiment and well understood theoretically. Spin-dependent energy splittings pose a significantly greater challenge. On the experimental side, the observation of the S = 0 states is very difficult. So far, only the η b (1S) has been found. The weighted average of the results from [1] [2] [3] gives a value of 69.3 ± 2.9 MeV for the Υ(1S) − η b (1S) hyperfine splitting.
Calculations of this hyperfine splitting using perturbative QCD gave significantly lower values around 40 MeV [4] [5] [6] . Mixing of the η b with a light CP -odd Higgs boson has been suggested as a possible explanation of this discrepancy [7] . To definitely answer the question whether QCD alone is able to correctly predict the Υ(1S) − η b (1S) mass difference, precise non-perturbative calculations from lattice QCD are required.
Presently, lattice calculations with dynamical light quarks are performed at lattice spacings that are too coarse to resolve the Compton wave length of the b quark, and therefore special heavy-quark techniques are required. Two such techniques are the Fermilab method [8] and lattice nonrelativistic QCD (NRQCD) [9, 10] . The bottomonium spectrum has also been calculated using relativistic actions, on anisotropic lattices [11] and on very fine, small lattices [12] , but so far without dynamical light quarks.
With the Fermilab method, the heavy quark is implemented by an improved Wilson-like action, where the parameters are tuned such that heavy-quark discretization errors are reduced. The Fermilab method has the advantage over NRQCD that continuum extrapolations can be performed safely. In the simplest case, only the mass parameter in the action is adjusted such that the kinetic mass of a heavy meson agrees with experiment. This method, in combination with MILC gauge field configurations generated with the Lüscher-Weisz gluon action and 2+1 flavors of rooted staggered sea quarks [13] , has been employed in [14] to calculate the bottomonium and charmonium spectra. In the continuum limit, the Υ(1S) − η b (1S) splitting was found to be 54 ± 12 MeV.
A version of the Fermilab action with three tuned parameters was used in Ref. [15] to calculate bottomonium masses at one lattice spacing using gauge field ensembles generated by the RBC and UKQCD collaborations using the Iwasaki gluon action and 2+1 flavors of domain-wall sea quarks [16] .
In contrast to the Fermilab method, lattice NRQCD is based on the direct discretization of an effective field theory for heavy quarks, in which an expansion in powers of the heavy-quark velocity v is performed [9, 10] . For bottomonium, one has v 2 ≈ 0.1 [17] . With NRQCD, it is required that the UV cut-off provided by the lattice is lower than the heavy-quark mass: one must have am b > ∼ 1, where a is the lattice spacing. Discretization errors can be removed through Symanzik improvement. The bottomonium spectrum was calculated using improved lattice NRQCD of order v 4 on the MILC gauge field ensembles in [18] . Good agreement with experiment was seen for the radial and orbital energy splittings. However, the results for the spin-dependent energy splittings suffered from large uncertainties due to missing radiative and higher-order relativistic corrections in the NRQCD action used there. Spin-dependent splittings are an effect of order v 4 , and therefore v 6 corrections are significant. These v 6 corrections were included in earlier calculations [19] [20] [21] [22] and found to reduce the bottomonium spin splittings by 10-30%. Radiative corrections to the spin-dependent couplings in the NRQCD action are expected to be of order α s (≈20-30%), and are still unknown. However, as will be demonstrated in this work, these radiative corrections largely cancel in suitable ratios of spin splittings.
In the following, a new calculation of the bottomonium spectrum in lattice QCD with 2+1 flavors of dynamical sea quarks is presented. For the b quarks, an improved NRQCD action including the spin-dependent order-v 6 terms is used (for comparison, results obtained without these terms are also shown). By varying the couplings of the leading-order spin-dependent terms in the action, the cancellation of radiative corrections is demonstrated nonperturbatively for the ratio of the S-wave hyperfine and 1P tensor splittings, as well as the ratio of the 2S and 1S hyperfine splittings. For these quantities, results with unprecedented precision are obtained here.
The main calculations in this paper are done on RBC/UKQCD gauge field ensembles, which were generated with the Iwasaki gluon action and a domain-wall sea quark action. The calculations are performed at lattice spacing values of approximately 0.08 fm (with spatial lattice size L = 32) and 0.11 fm (for both L = 24 and L = 16). This work is an extension of the first calculation by the author that was using only the L = 24 ensembles and only the v 4 action [23] . By including the finer L = 32 ensembles, discretization errors can now be studied directly, and by including the L = 16 ensembles with their smaller box size, the size of finite-volume effects can be estimated. The data at L = 24 are also reanalyzed with improved methods leading to smaller statistical errors. With the better accuracy, chiral extrapolations to the physical pion mass are now possible.
Systematic errors caused by the lattice NRQCD action are estimated using power counting. In order to study discretization errors caused by the lattice gluon action, two approaches are used here. First, the radial and orbital energy splittings are calculated in a lattice potential model, using the static quark-antiquark potential derived from the gluon action in lattice perturbation theory. A comprehensive study of the scaling behavior is presented for four different gluon actions (Plaquette, Lüscher-Weisz, Iwasaki, and DBW2). This model is however limited to the tree level, and to radial and orbital energy splittings only. In order to go beyond tree-level and include spin splittings, the nonperturbative lattice QCD calculations of the bottomonium spectrum are repeated on gauge field ensembles generated with the Lüscher-Weisz gluon action by the MILC collaboration, and a detailed comparison to the results from the RBC/UKQCD ensembles (with the Iwasaki action) is made. This paper is organized as follows: the lattice methods and parameters are described in Sec. II. The "speed of light" is studied in Sec. III A. In Sec. III B, the results for the radial and orbital energy splittings are presented, followed by the spin-dependent energy splittings in Sec. III C. The conclusions are given in Sec. IV. A simple analysis of autocorrelations is described in Appendix A, the tuning of the b-quark mass is discussed in Appendix B, and tables with results in lattice units can be found in Appendix C. The lattice potential model calculations of gluon discretization errors and the comparison of nonperturbative results from the MILC and RBC/UKQCD ensembles are presented in Appendix D.
II. METHODS

A. Lattice actions and parameters
The calculations in this work are based on gauge field ensembles that include the effects of dynamical up-downand strange sea quarks (with m u = m d , in the following denoted as m l ). The ensembles used for the main part of the calculations were generated by the RBC and UKQCD collaborations [16, 24] . The sea quarks are implemented with a domain wall action [25] [26] [27] , which yields an exact chiral symmetry when the extent L 5 of the auxiliary fifth dimension is taken to infinity. The gluons are implemented with the Iwasaki action [28] [29] [30] , which suppresses the residual chiral symmetry breaking at finite L 5 [31] . The form of the Iwasaki action can be found in Appendix D, where the discretization errors associated with this action are analyzed.
The parameters of the RBC/UKQCD gauge field configurations used here are given in Table I . All ensembles have L 5 = 16. There are ensembles with two different values of the bare gauge coupling, here given as β = 6/g 2 . The two values β = 2.13 and β = 2.25 correspond to lattice spacings of a ≈ 0.11 fm and a ≈ 0.08 fm, respectively (see Sec. III B 2). The box sizes at the coarser lattice spacing are about 1.8 fm (L = 16) and 2.7 fm (L = 24); for the finer lattice spacing the box size is about 2.7 fm (L = 32).
The bottom quark is implemented with lattice NRQCD [9, 10] . The Euclidean action has the form [16, 24, 32] and converted to physical units using the lattice spacings given here. The last column gives the value of the bare b quark mass that would yield agreement of the η b (1S) kinetic mass with experiment (see Appendix B).
where ψ is the two-component bottom quark field, and K(t) is given by
Here, H 0 is the order-v 2 term,
and δH contains higher-order corrections,
Note that antiquark propagators can be obtained from quark propagators calculated with the action (1) through Hermitian conjugation.
µ denotes the p-th order symmetric and maximally local covariant lattice derivative in µ-direction. All derivatives are understood to act on all quantities to their right. The chromo-electric and chromo-magnetic fields are defined as E j ≡ F j0 , B j ≡ − 1 2 jkl F kl . The terms with coefficients c 1 to c 4 in (4) are the order-v 4 corrections, while the terms with coefficients c 7 to c 9 are the spin-dependent order-v 6 corrections (note that spin-independent order-v 6 terms are not included). The terms with coefficients c 5 and c 6 are spatial and temporal discretization corrections for H 0 . Quantities with a tilde also include discretization corrections:
In (6), ∇ (2,ad) µ is a second-order adjoint derivative (which acts only on F µν ) and F µν is the standard cloverleaf lattice gluon field strength.
At tree-level, the coefficients c i are equal to 1. The action is tadpole-improved [33] using the mean link in Landau gauge, u 0L . Using the mean link instead of the plaquette for tadpole improvement leads to a better scaling behavior [34] .
In this work, calculations were performed either with c 7 = c 8 = c 9 = 0 or with c 7 = c 8 = c 9 = 1. These two actions will be referred to as the v 4 action and the v 6 action, respectively. The v 4 action is identical to the action used in [18] . The stability parameter n in (2) was always set to n = 2. Calculations were performed for multiple values of the bare b-quark mass am b , as shown in Table I . The spin-dependent energy splittings, which show significant am b -dependence (see Appendix C 5) were then interpolated to am is the value of the bare b-quark mass that would yield agreement of the η b (1S) kinetic mass with experiment (see Appendix B).
B. Calculation and fitting of two-point functions
The interpolating fields for the bottomonium two-point functions used here are the same as in [23] , except that the cut-off radius was chosen differently (equal to L/2). For a ≈ 0.08 fm the smearing parameters in lattice units were rescaled from those used at a ≈ 0.11 fm so that the smearing functions in physical units remain the same.
The methods used here for fitting the two-point functions are also the same as in [23] , i.e. multi-exponential Bayesian matrix-correlator fitting combined with statistical bootstrap (suitably modified for Bayesian fitting) [35] . As in [23] , bottomonium two-point functions were calculated for 32 different source locations on each gauge field configuration to increase statistics. Note that in [23] the data were averaged over those source locations prior to the analysis. However, the reduced sample size can lead to overestimates of errors due to poorly determined data correlation matrices. As shown in Appendix A, for the L = 24 and L = 32 ensembles, the bottomonium data from the 32 source locations are in fact sufficiently independent. Therefore, in the present work the data correlation matrices are calculated with the unblocked data sets for the L = 24 and L = 32 ensembles. For the L = 16 ensembles, some autocorrelations between the data from different source locations were seen, and therefore binning over source locations was performed.
C. Chiral extrapolations
The dependence of the bottomonium energy splittings on the light-quark masses is expected to be weak. Therefore, chiral extrapolations to the physical pion mass are performed linearly in m 2 π . Before chiral extrapolation, the energy splittings are converted to physical units using the lattice spacing determinations on the individual ensembles. In addition, the spin-splittings are interpolated to the physical b-quark mass on each individual ensemble (see Appendices C 5 and B).
For a given energy splitting E(m π , a) that depends on the pion mass m π and the lattice spacing a, the chiral extrapolation of the data from the L = 32 ensembles with lattice spacing a 1 ≈ 0.08 fm and the L = 24 ensembles with lattice spacing a 2 ≈ 0.11 fm is performed simultaneously, using the functional form
The three unconstrained fit parameters are E(0, a 1 ), E(0, a 2 ) and A. This allows for an arbitrary dependence of the energy splitting E(m π , a) on the lattice spacing a. Higher-order terms depending on both a and m π are neglected. As will be shown later, the a-dependence in most quantities is very weak, and therefore these higher-order effects are small. No extrapolation in a is performed here, since one can not take the continuum limit with NRQCD. Instead, discretization errors can be estimated from the difference of the two results E(0, a 1 ) and E(0, a 2 ). The simultaneous chiral extrapolation was found to significantly improve the statistical accuracy of E(0, a 1 ) from the L = 32 ensembles, due to the wider range in m 2 π on the L = 24 ensembles. The data from the L = 16 ensembles, which have a smaller volume, are extrapolated independently, to allow for an arbitrary volume-dependence of the coefficients A (the L = 24 and L = 32 ensembles have approximately the same spatial volume in physical units).
When performing the extrapolations, the statistical uncertainties in the physical pion mass values on the individual ensembles (due to the scale uncertainty) are taken into account, by making the pion masses themselves also parameters of the fit, constrained with Gaussian priors. The central values and widths of these priors were set equal to the values and uncertainties of the pion masses given in Table I. III. RESULTS
A. Speed of light
In the continuum, the energy of a particle with mass M and three-momentum p satisfies the relationship E 2 = M 2 + p 2 (in the units used here). Equivalently, one has
To study deviations from the relativistic continuum energy-momentum relationship on the lattice, in the following the square of the "speed of light" (8) will be calculated for the η b (1S) meson. Note that due to the use of NRQCD, energies extracted from fits to bottomonium two-point functions are shifted by approximately −2m b . This shift does not affect energy differences. To obtain the full mass of a bottomonium state, one can calculate the kinetic mass, defined as
Equation (9) will be equal to the physical mass if the relativistic energy-momentum relationship is satisfied up to a constant shift; with lattice NRQCD this is not exact and M kin will depend slightly on the momentum p. On a lattice with L points in the spatial directions and periodic boundary conditions, the momentum can have the values p = n · 2π/(aL) where n = (n 1 , n 2 , n 3 ) with n i ∈ Z and −L/2 < n i ≤ L/2. We therefore define the square of the speed of light as
where M kin,1 denotes the kinetic mass calculated with n 2 = 1. Deviations of c 2 from 1 can be caused by missing relativistic and radiative corrections in the NRQCD action (mainly in the coefficients c 1 , c 5 and c 6 ) and by gluon discretization errors.
The numerical results for c 2 , calculated using the v 4 action from the η b (1S) energies, are given in Table II and plotted in Fig. 1 . The results at a ≈ 0.11 fm given here have smaller statistical errors than the previous ones in [23] . At a ≈ 0.11 fm, a very small deviation of c 2 from 1, at the level of about 0.1% (1.5 σ), can now be resolved for n 2 = 2 and n 2 = 3. At a ≈ 0.08 fm, this deviation goes away, indicating that discretization errors are indeed smaller at the finer lattice spacing.
The statistical error in c 2 grows with n 2 . Notice however that even at n 2 = 12, which corresponds to a meson momentum of about 1.6 GeV, the deviation of c 2 from 1 is found to be less than 0.3% at a ≈ 0.11 fm and less than 0.4% at a ≈ 0.08 fm. This demonstrates that the lattice NRQCD in combination with the Iwasaki gluon action works very well for bottomonium. 2 from 1 at a ≈ 0.11 fm, seen for n 2 = 2 and n 2 = 3, disappears at a ≈ 0.08 fm.
B. Radial/orbital splittings and the lattice spacing
Estimates of systematic errors
The radial and orbital bottomonium energy splittings are calculated in this work with the v 4 action on all ensembles. Radial and orbital energy splittings are an effect of order v 2 , and therefore the relative error in the radial and orbital energy splittings due to the missing v 6 corrections is of order v 4 ≈ 0.01. Further systematic errors are introduced by the missing radiative corrections to the v 4 terms, which leads to a relative error of order α s v 2 ≈ 0.02 (here and in the following, α s ≈ 0.2 is used).
The dominant discretization errors in radial and orbital energy splittings are expected to be caused by missing radiative corrections to the couplings c 5 and c 6 in (4), and by discretization errors in the gluon action. 
which is about 1% at a ≈ 0.11 fm and 0.6% at a ≈ 0.08 fm. The relative error due to the missing radiative corrections to c 6 is
which is about 0.3% at a ≈ 0.11 fm and 0.2% at a ≈ 0.08 fm. More sophisticated estimates of these errors, using wave functions from a potential model, have been made in [18] . The discretization errors caused by the gluon action are discussed in detail in Appendix D. Estimates using treelevel perturbation theory are derived in Sec. D 1. The values for the Iwasaki action at the lattice spacings used here can be found in Table XXX . The nonperturbative results presented in Secs. III B 2 and D 2 indicate that the errors may actually be smaller than the tree-level estimates.
Results
The results for the radial and orbital energy splittings in lattice units at am b = 2.536 (for a ≈ 0.11 fm) and am b = 1.87 (for a ≈ 0.08 fm) are given in Appendix C 1. The spin-averaged masses are denoted with a bar, and are defined as Table I would be much smaller than the statistical errors. The inverse lattice spacings of the gauge field ensembles are determined from the Υ(2S) − Υ(1S) splitting, dividing the experimental value from [36] by the dimensionless lattice value. The 2S − 1S splitting is expected to have smaller systematic errors than the 1P − 1S splitting [18] . In particular, as shown in Sec. D 1 b, the gluonic discretization errors partially cancel in the 2S − 1S splitting. For the Iwasaki action and at tree-level, the remaining gluon errors in the 2S − 1S splitting are estimated to be about 2.6% at a ≈ 0.11 fm and 1.6% at a ≈ 0.08 fm.
Results for the lattice spacings of all ensembles are given in Tables III, IV , and V. The errors shown there are statistical/fitting only. For comparison, results from both the Υ(2S) − Υ(1S) and 1 3 P − Υ(1S) splitting are given. They are found to be mostly consistent within the statistical errors here. Note that in the quenched approximation, the ratio of the 2S − 1S and 1P − 1S splittings was previously found to be in disagreement with experiment [18] .
The lattice spacings obtained here are seen to become slightly finer as the sea quark mass is reduced (in [23] , this dependence was hidden by the larger statistical errors). This behavior is in fact expected here, since in the RBC/UKQCD ensembles, the bare gauge coupling is kept constant when varying the sea-quark masses (see Table I ). In contrast to this, the MILC collaboration decreases β ∝ 1/g 2 when decreasing the sea-quark masses [13] , such that the lattice spacing remains approximately constant [18] . The lattice spacings from the 2S − 1S splittings on the individual ensembles were then used to convert the results for the other radial and orbital energy splittings to physical units. The conversion was performed using the bootstrap method to take into account correlations between the 2S − 1S splitting and the other splittings.
Finally, the results in physical units were extrapolated to the physical pion mass, as shown in Fig. 2 . The data from the L = 24 and L = 32 ensembles (both have a box size of about 2.7 fm) were extrapolated simultaneously using the function (7) . The data from the L = 16 ensembles were treated independently, since the dependence on the pion mass may be different for the smaller box size of about 1.8 fm. [1] [2] [3] (for the η b (1S), which enters in 1S), [37, 38] (for the Υ2(1D)) and from the Particle Data Group [36] (for all other states). The numerical results at the physical pion mass are given in Table VI . In addition, the energies of the radial and orbital excitations at the physical pion mass are plotted in Fig. 3 . The extrapolated data from the L = 16 ensembles have significantly larger statistical errors than the other data. This is expected for the following two main reasons: first, the four-dimensional volume of these ensembles is about 7 times smaller than that of the L = 24 ensembles, providing less information. Second, the lowest pion mass available at L = 16 is larger than on the other two ensembles, requiring more extrapolation. Within the statistical errors, no finite-volume effects are seen (also at the individual values of the quark masses, where the results are more precise; see Fig. 2 ). Finite-volume effects in bottomonium have been studied in detail using a lattice potential model in [39] . At a box size of 1.8 fm (corresponding to the L = 16 lattices here) the most significant finite-size effects were found in the 3S energy, which was shifted by about −40 MeV compared to the infinite-volume energy. At a size of 2.7 fm, this shift was found to be negligible.
The results for the radial and orbital energy splittings obtained here from the L = 24 and L = 32 ensemble show very little dependence on the lattice spacing. When going from a ≈ 0.11 fm to a ≈ 0.08 fm, the 1P − 1S splitting changes by about 2%. However, this change is only 1 standard deviation and could also be caused by a statistical fluctuation. All results at a ≈ 0.08 fm, where discretization errors are expected to be the smallest, are in excellent agreement with experiment. The 1 3 P − 1S and Υ 2 (1D) − Υ(1S) splittings at a ≈ 0.08 fm have statistical errors of only about 1.3%, and they agree fully with experiment. This indicates that the systematic errors are very small; smaller than the tree-level estimates of gluon-discretization errors given in Table XXX would suggest.
C. Spin-dependent splittings
Discussion of systematic errors
Spin-dependent energy splittings first arise at order v 4 in the nonrelativistic expansion, via the terms with coefficients c 3 and c 4 in Eq. (4). For the order-v 4 action, it is expected that at lowest order the S-wave hyperfine splittings
and the P -wave tensor splittings − 2χ b0 (nP ) + 3χ b1 (nP ) − χ b2 (nP ) (15) are proportional to c 2 4 and independent of c 3 , while the P -wave spin-orbit splittings
are proportional to c 3 and independent of c 4 [18] . In this work, the coefficients c i are set to their tree-level values, c i = 1. Therefore, spin-dependent energy splittings calculated directly will have systematic errors of order α s ≈ 0.2. However, these unknown radiative corrections are expected to cancel in ratios of quantities with equal dependence on the couplings c i . Nonperturbative results for the dependence of various spin splittings and ratios of spin splittings on c 3 and c 4 are given in Appendix C 4 for both the v 4 and v 6 actions. As can be seen there, ratios of hyperfine and tensor splittings are indeed independent of both c 3 and c 4 to a very good approximation.
Spin-splittings calculated with the v 4 action will also have relativistic errors of order v 2 ≈ 0.1 due to the missing v 6 corrections. Therefore, the spin-dependent v 6 -corrections, given by the terms with coefficients c 7 , c 8 and c 9 in Eq. (4), are included in this work. Relativistic corrections for spin splittings calculated with the v 6 action are then expected to be of order v 4 ≈ 0.01 due to the missing order-v 8 terms. Missing radiative corrections to the order-v 6 terms lead to additional systematic errors of order α s v 2 ≈ 0.02. The terms with coefficients c 3 and c 4 in Eq. (4) include the tree-level discretization corrections via (5) and (6):
However, radiative corrections to the order-a 2 terms in (17) and (18) are missing. Their size can be estimated using the NRQCD power-counting rules. We replace every spatial derivative by m b v and every temporal derivative by
2 (by the leading-order equations of motion, a temporal derivative is of the order of the nonrelativistic kinetic energy [10] ). The radiative discretization corrections are of order α s times the a 2 terms. For the spin-orbit splitting controlled by (17) , the terms with the spatial derivatives in the a 2 terms are dominant, and the relative discretization errors become
This is about 0.04 at a ≈ 0.11 fm and about 0.02 at a ≈ 0.08 fm. The relative discretization errors in the hyperfine and tensor splittings are
Here, an additional factor of 2 was introduced to take into account the quadratic dependence of the hyperfine and tensor splittings on (18) . Equation (20) is equal to about 0.09 at a ≈ 0.11 fm and about 0.05 at a ≈ 0.08 fm.
In the spin-dependent order-v 6 corrections (the terms with coefficients c 7 , c 8 and c 9 in the action), the lattice Laplacian used here does not include discretization corrections. The tree-level corrected Laplacian would be ∆ (2) = ∆ (2) − (a 2 /12)∆ (4) . The relative error in the hyperfine and tensor splittings caused by the missing of this correction is then of order a 2 m action is estimated to be about 5% at a ≈ 0.08 fm; for the other spin splittings no significant gluon discretization errors are found. Finally, note that the lattice NRQCD calculation performed here does not include the effects of annihilation of the b and b. This mainly affects the pseudoscalar states η b (nS), which can annihilate into two gluons (for the Υ(nS), at least three gluons are required). The annihilation contribution to the η b mass can be related to the two-gluon decay width Γ[η b → gg] as follows [40, 41] :
For the η b (1S) and η b (2S), the widths were calculated in [42] to be 7 MeV and 3.5 MeV, respectively. This gives δE annihil. [η b (1S)] = −0.7 MeV and δE annihil. [η b (2S)] = −0.34 MeV, which is only about 1% of the hyperfine splittings.
Results
The results for the spin-dependent energy splittings in lattice units at am b = 2.536 (for a ≈ 0.11 fm, L = 24) and am b = 1.87 (for a ≈ 0.08 fm, L = 32) for both the v 4 and v 6 NRQCD actions are given in Appendix C 3. Here, all couplings c i in the action were set to their tree-level values of 1.
In Appendix C 4, the dependence of the spin splittings on the couplings c 3 and c 4 in the action (4) is studied (on the L = 24 ensemble with am l = 0.005). Results are shown both for the v 4 and v 6 actions. The naive expectations for the c 3 -and c 4 -dependence of the order-v 4 spin splittings were discussed at the beginning of Sec. III C 1. The dependence of the 1P spin-orbit splitting on the coupling c 3 appears to be slightly weaker than expected: it changes by only 13% (for the v 4 action) or 15% (for the v 6 action), when c 3 is changed by 20%. Contrary to the naive expectation, the 1P spin-orbit splitting also shows some dependence on c 4 : about 6% (for the v 4 action) or 8% (for the v 6 action), when c 4 is varied by 20%. On the other hand, the 1P tensor splitting behaves as expected: it shows no significant c 3 -dependence, and the dependence on c 4 is consistent with proportionality to c 2 4 , both for the v 4 and v 6 actions. The results for the 1S hyperfine splitting are also close to these expectations. However, in the 1S hyperfine splitting the deviations from the naive expectations, while not large in absolute terms, are statistically significant due to the very small statistical errors. The most important result from Appendix C 4 is that the ratio of the 2S and 1S hyperfine splitting as well as the ratios of the S-wave hyperfine and the 1P tensor splitting show no significant dependence on either c 4 or c 3 , and this is true for both the v 4 and v 6 actions. Next, in Appendix C 5, results for the spin-dependent energy splittings for multiple values of am b , varying by about 15%, are given, and visualized in Fig. 9 . As can be seen there, the results for most splittings are compatible with a 1/m b -dependence, with the notable exception of the 1S hyperfine splitting. The 1/m b -dependence of the spin splittings can be understood from the power-counting rules as follows: radial and orbital energy splittings, which are of order m b v 2 , are nearly independent of m b , as shown in Appendix C 2. This implies that
Spin-dependent energy splittings are a factor of v 2 smaller than radial and orbital energy splittings. Since the latter are nearly constant, spin-dependent energy splittings are expected to be proportional to v 2 , and hence 1/m b . The results for the 1S hyperfine splitting in lattice units have very small statistical errors, and are clearly incompatible with a dependence proportional to 1/(am b ). However, fits of the form A/(am b ) + B with a constant term B describe the date very well in the range considered here. The fit results A and B for the 1S hyperfine splittings on all L = 24 and all L = 32 ensembles, for both the v 4 action and the v 6 action are given in Tables XXIII, XXV , XXVII, and XXIX.
To obtain physical results, all spin splittings were then interpolated to the physical b-quark masses given in Appendix B, assuming a 1/(am b ) dependence everywhere except for the 1S hyperfine splittings and the ratios. For the 1S hyperfine splittings and the ratios involving them, the fit results A and B were used in the interpolation. The interpolated spin splittings were then converted to physical units using the lattice spacings from the 2S − 1S splittings on the individual ensembles as obtained in Sec. III B 2. Note that the uncertainty in the lattice spacing enters with a factor of 2 here, due to the resulting uncertainty in the bare heavy quark mass and the approximate 1/(am b ) behavior of spin splittings.
Finally, simultaneous chiral extrapolations of the data at a ≈ 0.11 fm and a ≈ 0.08 fm to the physical pion mass, using the functional form (7), were performed (the data from the v 4 and v 6 actions were treated independently). These chiral extrapolations are visualized in Figs. 4 and 5.
The numerical results for the spin-splittings at the physical pion mass are given in Table VII and plotted in Fig. 6 . It can be seen that the results obtained with the v 6 and with the v 4 action differ significantly. At a ≈ 0.08 fm, the 1S hyperfine and spin-orbit splitting are reduced by about 20% by the v 6 terms, while the 1P tensor splitting is reduced by 10%. These changes are in line with the estimate of v 2 ≈ 0.1. Splitting (MeV) Splitting (MeV) The dependence on the lattice spacing varies between the different quantities. For example, the 1S hyperfine splitting calculated with the v 6 action increases by 3% when going from a ≈ 0.11 fm to a ≈ 0.08 fm, but this change is only 0.8 standard deviations. With the v 4 action, the lattice spacing dependence in the 1S hyperfine splitting appears to be stronger, about 6% or 1.4 standard deviations. This size of the a-dependence is in good agreement with the estimates of discretization errors obtained in Sec. III C 1. Note that the dependence on the lattice spacing in spin splittings calculated directly (as opposed to the ratios) may be caused both by discretization errors and by the am b -dependence of the missing radiative corrections to c 3 and c 4 . When going from a ≈ 0.11 fm to a ≈ 0.08 fm, the 1P tensor splitting appears to change by about 10%, but the effect is less than 1 standard deviation. No a-dependence is seen in the 1P spin-orbit splitting. Recall that the estimates of discretization errors obtained in Sec. III C 1 are indeed smaller by a factor of 2 in the spin-orbit splitting compared to the tensor and hyperfine splittings. In addition, in potential models the spin-orbit splitting is not as sensitive to short distances as the hyperfine splitting.
The ratios of spin splittings calculated here also show no significant dependence on the lattice spacing: about 0.7 standard deviations in the ratio of the 2S and 1S hyperfine splittings and about 0.5 standard deviations in the ratios of the S-wave hyperfine and 1P tensor splittings.
The most reliable results for the spin-dependent energy splittings obtained in this work, calculated with the v 6 action at a ≈ 0.08 fm, are summarized in Table VIII . Here, estimates of the systematic errors based on the discussions in Sec. III C 1 and Sec. D 2 are given. The systematic errors in the ratios of the hyperfine and tensor splittings, where the unknown radiative corrections to c 3 and c 4 cancel, are dominated by discretization errors. The systematic error in the 1 3 P − h b (1P ) hyperfine splitting is dominated by the unknown radiative corrections of order α s . However, the absolute systematic error in 1 3 P − h b (1P ) is only 0.2 MeV (assuming α s ≈ 0.2), because the splitting is found to be zero within the statistical error of about 1 MeV. The 1 3 P − h b (1P ) splitting vanishes in potential models because the wave function at the origin is zero for L = 0. Using the lattice ratios of the S-wave hyperfine and the 1P tensor splitting, and the experimental result for the 1P tensor splitting [36] , the 1S and 2S hyperfine splittings can be calculated in MeV. The 2S hyperfine splitting in MeV can be calculated alternatively from the lattice ratio of the 2S and 1S hyperfine splitting, and the experimental value of the 1S hyperfine splitting [1] [2] [3] . The results obtained with both methods are shown in Table VIII .
This work Experiment
1.28 (12)(10) 1.467(79) . For the lattice data, the first error is statistical/fitting, the second error is an estimate of systematic uncertainties, and the third error (where given) is experimental. The experimental value for the 1S hyperfine splitting is the weighted average of the results from [1] , [2] , and [3] ; the experimental value for the 1P tensor splitting is calculated using the 1 3 P masses from the Particle Data Group [36] .
Using the Υ(1S), Υ(2S) and 1 3 P masses from experiment [36] , the absolute masses of the η b (1S), η b (2S) and h b (1P ) mesons can then be calculated. This gives
where the first error is statistical/fitting, the second error is systematic, and the third error is experimental. For the η b (2S) mass, the results from both methods as discussed above are given.
IV. CONCLUSIONS
In this paper, a high-precision calculation of the bottomonium spectrum in lattice QCD with 2 + 1 flavors of dynamical light quarks was presented. One important improvement over [23] was the inclusion of a finer lattice spacing, giving better control of discretization errors. The dependence of the results on the lattice spacing was seen to be weak, and consistent with the estimates of NRQCD discretization errors based on power counting. At a ≈ 0.08 fm, the radial and orbital energy splittings were found to be in excellent agreement with experiment, within statistical errors as small as 1.3% (see Fig. 3 ). In addition, the square of the "speed of light", a quantity used on the lattice to measure deviations from the relativistic continuum energy-momentum relationship, was found to be compatible with 1 within statistical errors smaller than 0.4% for bottomonium momenta up to 1.6 GeV (see Fig. 1 ). These results provide valuable tests of the lattice methods used here: NRQCD for the b quarks, the Iwasaki action for the gluons, and the domain wall action for the sea-quarks. The discretization errors associated with the gluon action were studied further using a lattice potential model based on tree-level perturbation theory, and by repeating the nonperturbative calculations on MILC gauge field ensembles generated with the Lüscher-Weisz action. These tests show that the Iwasaki action works well at the lattice spacings considered here.
The focus of this work was the accurate calculation of spin splittings. To this end, ratios of hyperfine and tensor splittings were calculated, in which the unknown radiative corrections to the leading spin-dependent terms in the NRQCD action cancel. This cancellation was confirmed here directly through numerical calculation of these ratios with different values of the spin-dependent couplings in the action. Furthermore, systematic errors from relativistic corrections were reduced by the inclusion of the spin-dependent order-v 6 terms in the NRQCD action. The results in Table VIII are considerably more precise than those from previous lattice computations. For example, the ratio of the 2S and 1S hyperfine splittings is predicted here to be 0.403±0.052 stat ±0.027 syst (the result from [18] is 0.5±0.3 stat ). By the criterion of Ref. [43] , the results (23) for the η b (2S) mass obtained here are now the most accurate predictions of a gold-plated hadron mass from lattice QCD to date. The prediction of the h b (1P ) mass appears to be even more accurate, but note that it is obtained by subtracting from the experimental result for the 1 3 P mass a splitting that is zero within the statistical errors.
The result for the 1S hyperfine splitting obtained here is 60.3 ± 5.5 stat ± 5.0 syst ± 2.1 exp MeV. This is consistent with the value of 54 ± 12 MeV calculated with the Fermilab method in [14] . It is also in excellent agreement with the prediction of 60 MeV obtained in [44] using a relativistic quark model, and with the result of 58 ± 1 MeV from [45] for n f = 3.
The 1S hyperfine splitting calculated here is only about 1 standard deviation below the weighted average of the experimental results from [1] [2] [3] . The splitting obtained here is larger than many results from perturbative QCD [4] [5] [6] . Penin argues in [6] using continuum perturbation theory (where in fact lattice perturbation theory should be used) that the inclusion of radiative corrections in the NRQCD action could reduce the lattice value for the hyperfine splitting by about 20 MeV and bring it in agreement with perturbative QCD. This statement does not apply to the result obtained here, where the hyperfine splitting is calculated from the ratio to the P -wave tensor splitting so that the radiative corrections cancel. Interestingly, it is noted in [46] that the perturbative prediction for the 1S hyperfine splitting increases significantly and becomes consistent with experiment when the delta function terms in the potential are not softened.
Appendix A: Analysis of autocorrelations
In this work, bottomonium two-point functions were calculated for 32 different source locations spread evenly across the lattice on each gauge field configuration in order to increase statistics. The question is whether data from different source locations are statistically independent, and also whether the data from successive (in molecular dynamics time) gauge field configurations are statistically independent. Possible autocorrelations in the data can be reduced by binning, that is, by averaging the data within blocks of some size B prior to the further statistical analysis. Increases in the statistical errors in an observable under binning of the data would indicate the presence of autocorrelations.
Performing the binning analysis for the energies obtained from the matrix fits used here with their large number of degrees of freedom is problematic due to spurious finite-sample-size effects for the estimates of the data correlation matrix when the bin size becomes too large. Therefore, in the following analysis, the statistical errors in the two-point functions themselves are considered instead. Figure 7 shows the errors in the diagonal Υ(1S), Υ(2S) and Υ(3S) two-point functions for a given source-sink separation t, versus the bin size B (all errors relative to the corresponding error at B = 1). To the left of the vertical dashed lines in the graphs, binning is performed over neighboring source locations only (B = 1, 2, 4, ..., 32) . To the right of the vertical dashed lines, binning is performed over neighboring gauge configurations (B = 64, 96, 128, ..., 256). Here, "neighboring" gauge configurations are separated by the step sizes given in Table I . As can be seen in Fig. 7 , for the L = 16 ensemble, which has a box size of about 1.8 fm, significant autocorrelations between the data from the different source locations can be seen at short time separations for the interpolating fields optimized for the excited states (Υ(2S) and Υ(3S)). The stronger autocorrelations for excited states compared to ground states can be explained by the larger physical size of the excited states. No significant autocorrelations are seen in molecular dynamics time. Note that the source locations were always shifted randomly from configuration to configuration in this work. For the L = 24 and L = 32 ensembles, which have a box size of about 2.7 fm, no significant autocorrelations are seen either between source locations or in molecular dynamics time. The same qualitative behavior was found for other bottomonium two-point functions. were then determined such that M kin agrees with the experimental value of 9.3910(29) GeV [1] [2] [3] .
Note that using the spin-averaged 1S kinetic mass instead of the η b (1S) kinetic mass for the tuning gives values of am calculated using the kinetic masses of the η b (1S), the spin average 1S, and the Υ(1S) were found to be in agreement. 
1.00 (21) 1.04 (19) 0.96 (26) 1.02 (20) TABLE XXI: Dependence of the spin splittings, calculated with v 6 action, on the couplings c3 and c4. Shown is the ratio of the splitting with either c3 = 1 or c4 = 1 to the splitting with all ci = 1, calculated using bootstrap. The data are for the L = 24 ensemble with am l = 0.005 and am b = 2.536. Table XXIII ). 
Heavy-quark mass dependence of spin splittings
am b = 2.3 am b = 2.536 am b = 2.7 Υ(2S) − η b (2S) 0.0138(21) 0.0124(19) 0.0116(18) χ b2 (1P ) − χ b1 (1P )
Appendix D: Gluon discretization errors
The Iwasaki gluon action used in this work belongs to a class of actions with the form
where P [U ] x,µν and R[U ] x,µν are the real part of the trace of the 1×1 plaquette and 1×2 rectangle terms, respectively (the coefficient c 1 in (D1) should not be confused with the one in the NRQCD action (4)). The Iwasaki action uses c 1 = −0.331, derived from a renormalization-group transformation [28] [29] [30] . Note that tree-level order-a 2 improvement would require c 1 = −1/12, corresponding to the tree-level Lüscher-Weisz action [48, 49] ). However, nonperturbatively and at coarse lattice spacings, the Iwasaki action has been shown to yield reduced lattice artifacts compared to the tree-level Lüscher-Weisz action [50, 51] .
In this appendix, gluonic discretization errors in bottomonium energy splittings will be investigated. In Sec. D 1, the shifts in radial and orbital energy splittings are studied using tree-level perturbation theory for four different choices of c 1 . The tree-level energy shift for the simple plaquette action (c 1 = 0) has previously been estimated at order a 2 in [52, 53] . In the following, a new analysis based on a lattice potential model is presented. This analysis does not make use of an expansion in powers of a, which would not be appropriate for the Iwasaki action.
Then, to go beyond tree-level, in Sec. D 2 nonperturbative bottomonium results obtained from the RBC/UKQCD ensembles (using the Iwasaki gluon action) and from the MILC ensembles [13] (using the tadpole-improved one-loop Lüscher-Weisz action [54] ) are compared. This comparison also includes all the bottomonium spin splittings considered in this paper, and leads to nonperturbative estimates of gluonic discretization errors for them. The discretization errors caused by the gluon action in radial and orbital bottomonium energy splittings can be estimated using a potential model on a three-dimensional cubic lattice with Hamiltonian
where ∆ is a lattice Laplace operator and V (r) is the static quark-antiquark potential derived from the lattice gluon action in use. In the model employed here, V (r) is taken to be of the form
where V lat,0 (r) is the tree-level lattice potential that is obtained from the tree-level lattice gluon propagator G lat µν (q) as follows:
For a → 0, the potential V lat,0 (r) approaches the continuum Coulomb potential V 0 (r) = −(4/3)α s /|r| (with α s = g 2 /(4π)). The linear term κ|r| in (D3) is added to describe the nonperturbative long-distance behavior of the quarkantiquark potential. In Ref. [39] a similar model on a cubic lattice was considered, with a discrete Laplacian but with the continuum form of the potential. In the following, the same parameters as in [39] are used: √ κ = 468 MeV, α s = 0.24, and m b = 4.676 GeV. Note that in [39] the coordinate system was chosen such that the origin r = 0 was at the center of an elementary cube, in order to avoid the singularity of the continuum Coulomb potential. In contrast, here the point r = 0 is a regular lattice point, and the lattice potential (D4) is finite at that point (one has V lat,0 (0) ∝ 1/a). In fact, the dominant gluon discretization errors arise at and near the point r = 0. The propagator G lat µν (q) for the action (D1) can be found in [55] . The 0-0-component at q 0 = 0 has the simple form 
The Iwasaki gluon action [28] [29] [30] has c 1 = −0.331. Results will also be given for c 1 = 0 (the simple plaquette action), c 1 = −1/12 (the tree-level Lüscher-Weisz action [48, 49] ), and c 1 = −1.40686 (the DBW2 action [50, 56] ). For these choices of c 1 and for all points r with |r i /a| ≤ 60 the integral (D4) was computed numerically. For the Laplace operator ∆ in (D2), three different discretizations are considered: The low-lying eigenvalues and eigenfunctions of the Hamiltonian (D2) were computed numerically for lattices with a physical side length of 2.7 fm and lattice spacings in the range from 0.0223 fm to 0.208 fm. As in [39] , only one octant of the lattice was simulated. S-wave states (A 1 representation) and D-wave states (E representation) were obtained by using periodic boundary conditions in all three lattice directions; P -wave states (T 1 representation) were obtained by using antiperiodic boundary conditions in the r 3 -direction and periodic boundary conditions in the r 1 -and r 2 -directions. However, for the S-wave state a significant shift in the energy from its continuum value remains at finite lattice spacing. This error can be interpreted as the tree-level gluonic contribution to the discretization errors, stemming from the use of the lattice potential (D4). As expected, at small lattice spacings, the O(a 2 )-improved Lüscher-Weisz action shows significantly smaller tree-level discretization errors than the other actions.
For the P -wave states, the gluonic discretization errors are much smaller than for the S wave states. This is expected because the dominant correction in the potential arises at the origin, where the wave function vanishes for all states other than the S-wave states. Only the DBW2 action leads to significant tree-level gluon discretization errors in the 1P energy.
Examples of 1S and 1P eigenfunctions of the Hamiltonian (D2) with the O(a 4 )-improved Laplacian are shown in Fig. 11 . The large negative coefficient c 1 = −1.40686 of the DBW2 action leads to a visible distortion of the 1S wave function compared to the tree-level Lüscher-Weisz action with c 1 = −1/12, while the 1P state is only weakly affected by the choice of c 1 . The broadening of the 1S wave function is expected because a negative coefficient c 1 shifts the potential at short distances upwards. In particular, at r = 0, one has 3a
However, note that the broadening of the lattice 1S wave function caused by a negative value of c 1 does not necessarily mean that the hyperfine splitting is reduced. This will be discussed further in Sec. D 2.
The results for the shifts in the energies of the 1S, 2S, 3S, 1P , 2P and 1D states, obtained with the O(a 4 )-improved Laplacian and the four different gluon actions, are summarized in Fig. 12 . This figure also shows the 2S − 1S and 1P − 1S splittings, demonstrating that the 2S − 1S splitting has smaller tree-level gluon discretization errors and is therefore better suited for setting the lattice scale. For the Iwasaki action, the gluonic tree-level discretization errors in the 2S − 1S splitting are found to be about 2.6% at a = 0.11 fm and 1.6% at a = 0.08 fm, respectively. Note that the 2P − 1P splitting is nearly free of gluonic discretization errors and therefore appears to be a good alternative choice for the scale setting. However, in the actual lattice QCD calculation the 2P − 1P splitting has much larger statistical errors than the 2S − 1S splitting (see Sec. C 1). Figure 13 shows the gluonic discretization errors in the 3S − 1S, 1P − 1S, 2P − 1P , and 1D − 1S splittings for the case that they are calculated using the 2S − 1S splitting to set the scale. In the 2P − 1P splitting, previously nearly free of gluonic discretization errors, this process introduces new gluon errors. However, in the other splittings shown in Fig. 13 , the scale setting with the 2S − 1S splitting leads to a partial cancellation of gluonic discretization errors. The results for the relative errors obtained with the Iwasaki action at a = 0.11 fm and a = 0.08 fm are given in Table  XXX. error (a = 0.11 fm) error (a = 0.08 fm) 3S − 1S 0.6% 0.4%
TABLE XXX: Estimates of tree-level gluon discretization errors in radial and orbital bottomonium energy splittings computed with the Iwasaki action and using the 2S − 1S splitting to set the scale. A negative sign indicates a negative deviation from the continuum value.
Results from MILC ensembles and gluon discretization errors in spin splittings
In order to study the influence of the gauge action on the bottomonium energy splittings nonperturbatively, the calculations presented in the main part of this paper were repeated on two ensembles of lattice gauge fields generated by the MILC collaboration [13] . These ensembles make use of the tadpole-improved one-loop Lüscher-Weisz action [54] for the gluons, which is based on order-a 2 Symanzik improvement rather than renormalization-group improvement. The action includes the plaquette and rectangle terms, and in addition a third term ("parallelogram"). Their coefficients [13] , and the root-mean-square masses taken from [58, 59] are given.
β pl , β rt , and β pg were computed using one-loop perturbation theory, but without the effects of sea quarks. These effects were later calculated and found to be significant [57] . Therefore, on the (2 + 1)-flavor MILC ensembles, the gluon action is expected to have O(α s a 2 ) errors. The parameters of the MILC ensembles used here are given in Table XXXI . The values for the lattice spacing and am (phys.) b were computed using exactly the same methods as for the RBC/UKQCD ensembles, to minimize any possible bias. The sea quarks in the MILC ensembles are implemented with the rooted staggered AsqTad action [60] [61] [62] . This leads to an effective averaging over multiple tastes of sea pions [13] , and therefore the appropriate pion mass to consider for bottomonium is the root-mean square (RMS) pion mass. To facilitate the comparison, the results from the RBC/UKQCD ensembles were therefore interpolated/extrapolated to match the RMS pion masses of the MILC ensembles. The lattice spacings of the coarse and fine MILC ensembles also match the lattice spacings of the corresponding RBC/UKQCD ensembles. As discussed in Sec. III B 2, the lattice spacing of the RBC/UKQCD ensembles changes slightly when the sea quark mass is changed, because the bare gauge coupling is kept constant. It turns out that this shift makes the agreement of the lattice spacings even better after interpolation to match the MILC pion masses. At the matching points, any significant difference between the results from the RBC/UKQCD and MILC ensembles would indicate different systematics associated with the gluon and sea quark actions. In the following it is assumed that the effect of changing the sea quark action is negligible for bottomonium.
The radial and orbital energy splittings are compared in Table XXXII . As can be seen there, with the exception of the statistically most precise 1P − 1S splitting, all results from the MILC ensembles agree with those from the RBC/UKQCD ensembles within the statistical errors. At the coarse lattice spacing, the 1P − 1S splitting from the MILC ensemble is found to be about 9 MeV (1.4 standard deviations) higher than that from the RBC/UKQCD ensemble. At the fine lattice spacing, the 1P − 1S splittings from the MILC and RBC/UKQCD ensembles fully agree with each other within the statistical error of 7 MeV. In contrast, the tree-level estimates in Fig. 13 would suggest a difference between the splittings from the Iwasaki and tree-level Lüscher-Weisz actions of 27 MeV at a = 0.12 fm and 18 MeV at a = 0.09 fm. Note however that at these lattice spacings, the tadpole-improved one-loop Lüscher-Weisz action has a value of β rt /β pl that is not as far away from the Iwasaki action as in the tree-level case [54] . Thus, nonperturbatively the errors caused by the Iwasaki action are likely to be smaller than the tree-level estimates. The spin splittings from the RBC/UKQCD and MILC ensembles are compared in Table XXXIII (for the order-v   4 NRQCD action) and Table XXXIV (for the order-v 6 NRQCD action). As can be seen there, with the exception of the directly calculated 1S hyperfine splitting, all results from the MILC ensembles are in agreement with the corresponding results from the RBC/UKQCD ensembles within the statistical errors. At the fine lattice spacing, the 1S hyperfine splitting from the MILC ensemble is found to be about 5% (1.9 standard deviations) higher than the 1S hyperfine splitting from the RBC/UKQCD ensemble. Recall from Sec. D 1 b that a negative coefficient c 1 in the gluon action leads to a broadening of the lattice 1S wave function. In the continuum, the leading-order hyperfine splitting is proportional to |ψ(0)| 2 , and one might therefore expect naively that a negative coefficient c 1 reduces the hyperfine splitting [63] . If this picture was correct, for example the simple plaquette action (c 1 = 0) would give a significantly larger hyperfine splitting than the Iwasaki action (c 1 = −0.331). In Ref. [22] , the authors compared their results for the 1S hyperfine splitting, computed using the Iwasaki action, to the results from [21] that used the same NRQCD action and the same number of sea quark flavors, but the plaquette gluon action. The lattice spacing was a ≈ 0.10 fm in both cases. At a = 0.10 fm, the lattice potential model from Sec. D 1 gives |ψ (c1=0) (0)| 2 /|ψ (c1=−0.331) (0)| 2 ≈ 1.5. In contrast, the results for the 1S hyperfine splitting from the two groups were in agreement within the statistical error of about 5%. Clearly, the simple continuum picture for the hyperfine splitting does not apply here. On the lattice, the spin-dependent potential responsible for the S-wave hyperfine splitting will have non-zero values also at r = 0. It is expected to be a complicated function that depends both on the lattice gluon propagator and on the discretization of the chromomagnetic field strength in the NRQCD action.
Given the comparison of results for the 1S hyperfine splitting from the Iwasaki action with results from two other gluon actions as discussed above, it seems reasonable to assume a gluonic discretization error of 5% for the hyperfine splittings calculated with the Iwasaki action at a ≈ 0.08 fm. The same error estimate is used for the ratios of hyperfine and tensor splittings. For the ratio of the 2S and 1S hyperfine splittings, a partial cancellation of gluonic discretization errors is expected (as in the 2S − 1S splitting in Fig. 12 ), and therefore a 2.5% gluon error is estimated for this ratio at a ≈ 0.08 fm. Finally, recall from Fig. 9 that the 1S hyperfine splitting computed on the RBC/UKQCD ensembles shows an am b -dependence that is slightly different from the simple proportionality to 1/(am b ) seen in the other spin splittings. In Fig. 14 , the 1S hyperfine splitting in lattice units computed on the coarse and fine MILC ensembles is plotted as a function of 1/(am b ). As can be seen there, the behavior is very similar to that found on the RBC/UKQCD ensembles. Fig. 9 for the data from the RBC/UKQCD ensembles).
